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The inhomogeneity of the atmosphere inwhich the oscillations take place leads to the fact
that the lower part of the trajectory is traversed by the pendulum faster, and the upper part
more slowly than in the case when the atmosphere is homogeneous. Figure 3 shows the dependence
of the oscillation half-periods T, and I_ for the downward and upward deviations, on the
inhomogeneity parameter & (the dashed lines). Using these relations, or simply the dependence
of the difference AT =T — T_ on §, which differs little from the direct proporticnality and
depends weakly on @, we can also determine 0 using the measured value of the difference
AT.

In all the motions discussed above, the reaction N of the line becomes equal to zero.

In general, the oscillations are not planar.
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THE SOLUTIONS OF THE EQUATIONS OF MOTION OF THE
KOVALEVSKAYA TOP IN FINITE FORM®

A.I. DOKSHEVICH

Elementary transformations of phase variables are used to obtain several
novel forms of the system of Euler-Poisson (EP) equations with Kovalevskaya
conditions /1/. It is shown that the use of such equations makes possible
not only the detection, but also the construction in a finite explicit
form, of a solution for all four classes of degenerate motions mentioned
by Appel'rot in /4/, and inadequately studied up to now, without using
Kovalevskaya quadratures /2, 3/. 1In particular, an explicit solution is
given in a novel form for the third class. The new forms of the equations
of motion are used in a unique manner to study some particular results of
investigation of degenerate solutions obtained by various methods /5-8/.

1. The initial equations. Using the Kovalevskaya conditions, we will write the EP
equations and their algebrgic first integrals in the form

2" =gqr, 20 = —rp—cey's T = o (1.1)
Y=r—ga, v =¥ —m Y =av—p¥
2(p* +¢%) + 12— 20y = 6L, 2(py +qv) " =21 1.2)

Pyt =1, (P — @ + ¥’V +H(2pg+ ey ) =k

where a dot denotes the time derivative. Let us introduce the complex variables
zZ, =p+ e,iq, gn = (p + aniq)2 + ¢ (? + %i?’)! n = 11 2 (13)
i=yY~1, g, =1, g =—1

and rewrite (1.1) and (1.2) in the form

2e,ix,’ = rz, + coy’, 2ir" =z — 2+ & — & {1.4)
ek, =1, 2" = &1y — Ei1a + 2075 (2, — )

*prikl.Matem.Mekhan.,52,4,573-578,1988



445

=6l —(z,+ )P+ +E {1.5)
cay” = 2lcy + 212y (21 + T3) — 2.5 — 1,8
eV == 0% — k® — 1%,% 4 2,28, 4 %28, BBy =A2

Eliminating the variables r, " and using (1.5), we obtain the following equations which
are important later:

'_4‘7:n'2 =R (‘zn) ]+ (xl - 12)2 Em 411 132. =R (111 xz) (LG)

Here
4
R(z)= §o Az, R(ry, 1) = AgTy?12 + ApTyZy +
b
YA (zy+ 70) + Ay Ay=—1, A;=0, A,=6l,

Ag=4lc,, g =Cpf — k2

2. The first formof the equations. Letus transform Egs. (1.6). We introduce the
following new variables:

(z, —a) K (2, —ayg;!
Yn=— n[” v M= YD) ([l[ =($1 - a)(xﬂ - a)) (21)
where a is a constant. After this substitution, Egs.(1.6) will take the form
~4yn® = Q (yn) + (1 — Y2y 40i'¥) = Q (41, 12 2.2)
QW =R@y*— R (@) y* + R (@) y* + bay — 1 (R’ =
dR (z)/dz)

Q (V1 ¥2) = R (a) y,*ys® — 2R’ (@) yoy2 (U1 + ¥2) +
YR (@) y1ys — @ (yy — y2)* + 20 (3, + y2) — 1

We note that Mm, = E;&; = k%, System (2.2) has the structure of the initial system (1.6).
Taking this into account, we shall introduce another two variables z, y3, so that

2eiy, =zy, +ys (n=1,2) (2.3)

Substituting these expressions for the derivatives y; into Egs.(2.2), we arrive at a
system of three linear algebraic equations for the dual products. Solving this system we
obtain

22 = R (a) (y, + ¥2)* — R’ (a) (y1 + y2) — Y2R" (@) + 2a® + (2.4)
M+ N2

2y = Y,R' (@) y1ye — @ (4, + ¥2) + 20 — (nayy + Wl2)

vs® = R (a) y*2? + 2d%,0: — 1 -+ nud® + noti®

On the other hand, the variables 2z, ys can be expressed in an elementary manner in terms
of the phase variables of the EP equations. Indeed, the derivatives of Yy, ¥y, With respect
to t defined by Eqgs.(2.1) are, by virtue of the equations of motion (1.4), as follows:

—2e,ilh,2 = (rzp; + co¥") (T20 ~— @)% Yrz = (1 Y2

Tz = (%1, %2)

Equating this to (2.3) we find that

Vs.= (ce¥" + ar)/M, z =r + (x; + 2, — 2a) ¥3 (2.5).
Let us obtain the derivatives 1),. Differentiating expressions (2.1) with respect to
Mn  and taking into account the EP Egs.(l1.4), we find that
eyin,’ =2, n=1,2 (2.6)

Next we find the derivatives of 2z, ys. Here we find it convenient to use relations (2.4).
Differentiating them term by term and taking into account the values of the derivatives y ', Nn
(2.3) and (2.6), we obtain

2z’ = R (a) (y," — ") — "oR' (8) (4 ~ ¥o) + 1 — M2 2.7
2ivy’ = R (8) yaya (42 — ¥1) + @® (¥2 — 31) + noli — MYz
Let the polynomial R (#) have a real root a. We note that in all degenerate cases /4/

determined by the conditions 1) k = 0; 2) 3!, 4- k = 2I*; 3)’R (x) has a multiple root, and the
polynomial R (z) has real roots. Then the variables y,, y;, M, N2 2, ¥s Will satisfy the system
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of equations
2eniy,’ = zyp + va, 2087 = —YoR' (@) (y; — y2) + M — M2 (2.8)
iy’ = 2Ny, 2iys = Mayy — MY — @* (y, — ¥2)

which has the following first integrals:

22 = —R’' (a) (yy + ¥2) + My + 02 + YoR" (a) -+ 2a® (2.9)
2ys = 2R (@) iy — a® (4, + o) — Moty + nude) + 2a
¥s* = My + My + 287y, — 1, nme = K

We note that the EP variables p,q, 7, 7, ¥, Y are rational functions of the new variables.
Let us assume that R’ (a) = 0. Then the set of three equations

2z =M — My My =z Ny =2

will form a closed system whose solution can be easily found. Knowing the variables 2z, 1, 13
as functions of time, we can find /6, 7/ the remaining three variables y,, ¥2, Y5 Another, more
complicated method was used in /6, 7/ to obtain system (2.8) in a somewhat different form,

and the latter cases used to construct the solution in question in explicit form. The poly-
nomial R (z) has a multiple root; therefore the solution describes the fourth class of the
simplest motions (according to Appel'rot's classification /4/).

3. The second form of the equations., we see that the constant a appears in Egs.
(2.8) and in their integrals (2.9). We find that, in general, we can use certain linear
transformations of the phase variables to obtain equations not containing this constant.
Indeed, let R (a) =0, but R (a)s= 0. we write

4p, = R’ (a) y, + 2a% 4y, = R’ (a) y5 — 2a%z {3.1)

After this substitution (2.8) and (2.9) will take the form

2e,p,7i =3y + V0, 208 =2(p;—py) + M — M2 3.2)
iy’ = 2M,, 2iyy = NPy ~— MP2
22+ 4(p, + p2) ~ M — Mo = Ay, MM = K® 3.3)

Yoz + M2Py + MP2 — 2pipy = —'24,
'\’o2 =mp® + oo ® + I, 161 = 44,4, — A

Let us write Egs. (2.2) in another new form

—4p,? = f (pa) + (Py — P2)* My 4P P2 = [ (P1y 1) {3.4)
f(p) = ~4p® 4 App* — Ap + 1
F(pry p2) = —2pyps (py + p2) + Aapipy — Yada (py + pa) + 1

We note that the function f({p) can be transformed by linear substitution of . the
arguments p = s + Ygly into the function S (s) = f (s + Y3ly) = 4s° — g25 — g5 where g, = k¥ — 2 +-

3% g3 =1 (K — ¢® — }2) + Pes®, whichplays a significant part in the Kovalevskaya analysis.
Let us write system (3.2) with integrals (3.3) in terms of real variables. Let

Pn =2+ &iYy, M, =a -+ e,ip

Then
22 =zy, 2§ = —2x— v, 2z =P — 2y {3.5)
o =28, P = —za, Yo =oay— Pz
22 4 8z — 20 = A,, 2 (az + By) + Vo2 — 2 (2F + p) = (3.6)
—1/2144

Vot~ 2a (a* — ) — 4oy = I, a? + B =

The equations of motion in the form (3.5) may be found useful in the study of the general
solution, and of various special cases. For example, if k =0 we have a =0, B =0, y, = const
and the system (3.5) will be reduced to three equations

.

22 =zy, 2§ = —zx — vy, 2 = —2
with the integrals
22+ 81 = A, Yoz — 2 (a? + ¥?) = —o A4
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The variable z is found from the equation z? = 2y + 4, — 167 (A, — 2%). Knowing 2z, we
can easily find 'z, y: 8z = 4, — 2, 2y = —2. This represents a new form of solution in the
Delon case.

4. The third form of the equations.We shall transform system (3.5}, assuming that the new
variables vy, Y2 8§, 52, U, ¥ are connected with the old variables by the following relations:

Nn = Up% U, = u + g,iv, ks = ux + vy — Yyku 4.1)
ks, = —vz + uy — Yoku, 2ky, = v, + Vagnz (n=1,2)

The new variables satisfy the system of equations

S = vy, S = Uy, U=y — V)V 4.2)
Vo= sy, Yo = US, Vo=(ha—v)u
with first integrals (ay, 03, I, are constants)
W—sf=0, Wtat=0 wW+r=k (4.3)

(w+ 20— 0+ 200 —2(y +v)=1L
Op = YK (Uae k) = Ygegk® (31, — ek — 203)
I, = 20K = 31, — cg®k™® (3, — 21%)

Combining the integrals (4.3}, we can obtain an integral in the form of the sum of three
squares

(v + 8 + 2u — 290 + fyy — & — 2u — 290" + (4.4)
by~ vti=1I,
Iy =21+ 6oy + 205 + k)

From (4.3) and (4.4) it follows that all new variables have an upper limit, as well as
a lower limit.

A system of equations of motion in the form (4.2) can be used to elucidate the properties
of the general solution and to construct sufficiently simple particular solutions. Let us
consider, as an example, the case when the constants ¢, 0, vanish. Let ¢,=0. Then
3, + k=2 =0. fThe condition determines BAppel'rot's solution /4/ which he calls the
simplest motion of the second class. The solution can easily be constructed with help of
Eqs.(4.2).

Indeed, if o0, =0, then’s;== const =0, 9, = const = 0. Therefore, we shall have s§ = —uvy,,
' = vy, and this implies that 8y + u = b, = const. Taking into account the fact that % =
$? -+ oy, ¥ =k — u?, we rapidly discover that 'u® = (k — u?) o, + (b — u)’]. Knowing u{t), we
can calculate 4, 74,V by elementary methods and thus complete the sclution. We obtain a
solution of the same type if o, = 0 and we assume that ¢, —s5 = 0.

5. The third class of motions. Let a single restriction o, = 0 hold. The restriction
determines the so-called third class of simplest motions. We shall construct this solution
using the system of equations of motion in the form (4.2). The system differs from one known
earlier /7, 8/ not only in its derivation, but also in the form of the guadratures. If g; =
(7s — ) (pp -+ 8) =0, then one of the factors must be constantly equal to zero. We can limit
ourselves, without loss of generality, to considering only a single version ¥, — 8 =0.

Then the integral Iy will yield

=Vt =2 —up) ="%0@L+k=0+k

Let us write

Zy =79~ +u, B =-—us;— vy, a =Uvs—uy; (5.1)
We find that the above variables satisfy the closed system of equations
' =8, B =-—zo, a =zp (5.2
with the integrals
23— 20 =B+ k, a4 B = koy = Yoo (5.3)

System (5.1} is easily solved. The dependence of the variable 2% on time can be found
from the equation

B = (co+ B+ k— 2@+ co— B~ k) (5.4)

1f P+ k<ecg, then z;=pent, where 1, =V ottt = Veo* +B+Kk and the modulus of
the elliptic function
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%y o= (eq + 1 + k) (2¢4)
If ® +k>>¢p then z =pdnt, where Ty = a4, and the modulus x, = 2¢/{co+ 12 + k).

I1f B4k =c¢, then gz = 1/cht, v = const = V Zc,.
Knowing z, (), we can find a, (t), B; (!) and we shall assume these functions to be known.
But a knowledge of these three variables is insufficient to determine all six unknowns, and
we must therefore determine another variable. The integral I, reduces, for ¢, = s, to the
form
" (s + v — 229, = B (5.9)
B =1, (I, 4 20, — k) = (co* — 4k1%)/(4k)

Let us assume that

I =1 Fei(24+v) (=1,2) (5.6)
are the required variables. Then we can write the above relation in the form
%%~ 2 (@ + q) =B 6.7

Let us determine the time derivatives of g,. Taking into account the equation of motion
(4.2), we obtain ¢, == ~8,iY1Us,;- Multiplying these relations term by term and remembering
that w,uy =k, 2y, = ¢; + g2, we arrive at the relation 4g¢,'¢; =k (¢; + ¢2)® Let us write the
variables sought in terms of g, qs 04, By, 2. If we put v, = a; + &,;iff;, then

k(zn—q,,) , v, (g, —2) 5.8
um:_—lﬂ-_v_m— » ?z+€n’sz=‘k_,*_.v"n— (n=1,2) (5.8)
Substituting the expressions for u,, u,, ¥, into the equations g, = —enitis,; and taking

into account the finite relation (5.7), we obtain two independent complex equations

snzk

dn =24, (3,2 + B), xn=w (5.9)
The real variable 2, = i (q,9; -+ B)/(¢y — ¢2) 1is governed, by virtue of (5.9), by the
equation .
2y = Mo (2,° — B) (5.10)
. _ k(utk  Bgk—z
M=t =) = g o < SR D)
The form of the solution of this equation depends on the sign of the constant B:
B =0>0, z,=>bcth8, 0 = —bh, (5.11)
B = —b <0, 2z, =>0bectg,, 6, = —bh,
B =0, () =—X
Knowing 2, we can find ¢, qa from the following finite equations:
@9 — 2 (@ + ) =B, @:1gx + iz (g — g) = —B (5.12)
We note that from (5.8) and (5.7) there follows the equation 2,2 4+ B = 8% where 62 =

(¥ + k) (vp + k)™ > 0. We shall write this relation connecting the variables gz, 8, in the
parametric form

B=5b>0, z =bctgyp, 6 =0>bcosecy (5.13)
B = —-b¥ <0, z, =bcthy, 8 = bcosech,

Using relations (5.11) and (5.13), we can write ¢, in the form
b(siny+e,ish@)

—h2 —— . n o

1) B=»”>0, g¢,= CHB—con ¥ , O=-—DbA,
b (Sh ’lpl + g _isin 91)

= — b2 —_ ' n f = —
2) B=—1b2<0, g¢,= hor—cost 0, b,

— 2 —_— 1 eni —1ye
3) B=0, ?,,_——2_1 el (zz)__x‘,,
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ANALYTICAL CONSTRUCTION OF VISCOUS GAS FLOWS USING THE
SEQUENCE OF LINEARIZED NAVIER - STOKES SYSTEMS®

5.P. BARUTIN

Solutions of the complete Navier-Stokes system are constructed in the form
of special series for a viscous, heat conducting continuous compressible
medium. The zeroth-order term of the series transmits some exact solution
of the initial system (e.g. all parameters of the medium are constants).
Further terms of the series are determined by recurrence methods in the
course of solving the linearized Navier-Stokes system, homogeneous for

the first term and inhomogeneous for all remaining terms. The represen-—
tations obtained are used to obtain approximate solutions of some boundary
value problems. The process of stabilizing unidirectional flow between
two fixed walls with constant heat flux specified on them is disgcussed,
and an analogue of Poiseuille flow is constructed.

1. we consider the system of Navier-Stokes equations /1/
-+ V.4 pdivV=0 (1.1)
o(5 ‘2‘[ V) 4 Bueivo + BupsT—
= [(de)(Vu ——Vu)—i—vu( +[l Z:: “T) +
( )v (div V) + ,mv]
pc,,( +V. vr)+ Euy8,,T divV =
*pm’(“AT + V- ¥T) + - {p" (div V) 4
el - —a) (-]
w[(E )+ (E ) + (S )]

*2

615

‘1 b1*Ty pottol
Bu=—r, PBu=—g5, Re=—r—
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